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I)

Figure 1. Schematic diagram of the problem!!
Analytical solution:

1°' Approach:

From your final tangent line equation, it gives the following result:
(xp —xp)cosO + (yp — yp)sind —r =0

In behalf of algebraic manipulation, let define Ax and Ay as given below:
szxp—xo; Ayzyp—yo

then,

| Axcosf + Aysinf —r =0 | 1.1

Let’s recall trigonometry identity as given below:
sin?0 + cos?0 = 1 & cos?0 =1 — sin?6

Next, let’s rearrange the form of (1.1) by taking square on both of sides as follows:

| (r — Aysinf)? = (Axcos0)* o r? — 2rAysind + Ay®sin®0 = Ax*cos?6 | 1.2)

Now, let’s substitute cos?8 from trigonometry identity into (1.2) and by a little bit
rearrangement of (1.2), it gives

2rA r? — Ax? 1.3
sinze—iysine +——=0 (1.3)
X y X

It can be viewed that (1.3) resembles the general quadratic equation in which sin6 as an
unknown variable. Otherwise, I can apply “abc-formula” expressed below:

—-b++D

;D =b%—4
2a ac

X12 =

—2rAy o= r2—Ax?
Ax2+Ay2’ " T AxZ+Ay2

inthiscase,a = 1; b =



then,

_(_—2rhdy __ 2rhy )2 _ < r2 — Ax? )
(sz + Ayz) * \/( Ax? + Ay? *O 3z Ay?

2(1)

Sinel’z =

by a little bit simplification, it can be obtained that

rhy + ArJAx? T Ay 12 (14)

Ax? 4+ Ay?

Sinelyz =

From (1.4), It has two distinct solutions which are 8, and 6,. Therefore, both of 8; and 6, are
expressed below:

0 - (rAy + Ax\/Ax? + Ay? — r2> (1.5)
1 = SIn

Ax? + Ay?
. _y [TAy — Ax\/Ax% + Ay? — 1?2
0, =sin Ax? + Ay?

It’s known that both of 8; and 6, expressed in (1.5) are evaluated in radian unit (not in degree
unit).

Moreover, the coordinate of tangency point (X, Y7) associated with 8; and 6, is given below:

XT,l = XO + TCOSQl; YT,l = YO + T'Sln91
XT,Z = Xo + TCOSQZ; YT,Z = YO + T'Sl‘l’l@z

Hence,

The coordinate of 1* tangency point (X7 4, Y7 1):

Xr1 = Xp +1rcosb; = X, +rcos (sin‘1 (

rAy + Ax\/Ax? + Ay? — r2>)

Ax? + Ay?

Yry =Yy t+rsinf; =Y, +rsin (sin‘1 (

rAy + Ax,/Ax? + Ay? — r2>>

Ax? + Ay?

The coordinate of 2" tangency point (X 7.2, Y12):

Xr, = Xp +1rcos, = X, + reos (sin‘1 (

rAy — Ax\/Ax? + Ay? — r2>>

Ax? + Ay?

Yr, =Yy +71sinf, =Y, + rsin (sin‘1<

rAy — Ax\/Ax? + Ay? — r2>>

Ax? + Ay?



2" Approach:

Let introduce a new variable q in which g defined as the following:

=tan(3)
q =tan|

The value of sinf and cos6 represented in term of g given as the following:

. _ /0 0 q 1 2q
sin@ = 2sin (—) cos (—) =2 = 3
2 2 \/1+q2 \/1+q2 1+q

0
cos6 = 2cos? (E) —1= 2(

1\ 1_1—q2
J1+¢ S 1+¢?

Then, substitute these sinf and cos@ into (1), it gives

2.1)

Ax L-d +Ay( 24 )—r=0 o M(1-¢)+20yqg—-1r(1+¢*) =0
1+ g2 1+ g2

Now, let’s rearrange and simplify (2.1) into the general quadratic equation, it follows that

2Ay r—Ax 2.2)
Ax(1 — q? 20yqg —r(1 = 2 =
x(1-q7)+28yq-r(1+¢) =0 0 q¢" ———q+ ———=0
o 2A -A
Let’s apply abc-formula and in this case a = 1; b = — Y o="%
r+Ax r+Ax
20y J 20y \? r—Ax (2.3)
:r+Axi (r+Ax) _4(1)(T+Ax):AYiVAx2+A3’2_T2
Qa2 2 T+ Ax
_ (6) _ Ay +/Ax? + Ay? — 12
Aoz = tan 2)12 - r+ Ax

From (2.3), It has two distinct solutions which are 8; and 6,. Therefore, both of 8; and 6, are
expressed below:

Ay + JAx2 + Ay? — 72 24)
91=2tan‘1< 24 24 >
r+ Ax
Ay — JAx? + Ay2 — r2
92=2tan‘1< 24 Y >
r+ Ax

It’s known that both of 8; and 6, expressed in (2.4) are evaluated in radian unit (not in degree
unit).

Moreover, the coordinate of tangency point (X, Y7) associated with 8; and 8, is given below:

Xr1 =Xy +1cosby; Yrq =Y, + rsind,;
Xrp = Xo +rcosby; Yr, =Yy +1sinb,



Hence,

The coordinate of 1* tangency point (X7, Y7 1):

Xr1 = Xp +1rcos8; = X, + rcos (2 tan~! (

Ay + \/m»

r+ Ax

r+ Ax

by + (BT TR
YT,1 = YO + rsin91 = YO + rsin (2 tan‘1< y y ))

The coordinate of 2™ tangency point (X 7.2, Y12):

Ay —\JAx? + Ay? —1r?
X7, = Xo +1cos, = X, + rcos (2 tan~?! ( Y 4 ))

r+ Ax

Yr, =Yy t1sin, =Y, + rsin (2 tan~! (

Ay — W))

r+ Ax
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