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Figure 1. Schematic diagram of the problem[1] 

Analytical solution: 

1st Approach: 

From your final tangent line equation, it gives the following result: 
(𝑥𝑃 − 𝑥𝑂)𝑐𝑜𝑠𝜃 + (𝑦𝑃 − 𝑦𝑂)𝑠𝑖𝑛𝜃 − 𝑟 = 0 

In behalf of algebraic manipulation, let define  Δ𝑥 and Δ𝑦 as given below: 

 Δ𝑥 ≡ 𝑥𝑝 − 𝑥𝑂  ;  Δ𝑦 ≡ 𝑦𝑝 − 𝑦𝑂 

then, 

Δ𝑥𝑐𝑜𝑠𝜃 + Δ𝑦𝑠𝑖𝑛𝜃 − 𝑟 = 0 (1.1) 
Let’s recall trigonometry identity as given below: 

𝑠𝑖𝑛2𝜃 + 𝑐𝑜𝑠2𝜃 = 1 ↔  𝑐𝑜𝑠2𝜃 = 1− 𝑠𝑖𝑛2𝜃  

Next, let’s rearrange the form of (1.1) by taking square on both of sides as follows: 

(𝑟 − Δ𝑦𝑠𝑖𝑛𝜃)2 = (Δ𝑥𝑐𝑜𝑠𝜃)2  ↔  𝑟2 − 2𝑟Δ𝑦𝑠𝑖𝑛𝜃 + Δ𝑦2𝑠𝑖𝑛2𝜃 = Δ𝑥2𝑐𝑜𝑠2𝜃 (1.2) 
Now, let’s substitute 𝑐𝑜𝑠2𝜃 from trigonometry identity into (1.2) and by a little bit 
rearrangement of (1.2), it gives  

𝑠𝑖𝑛2𝜃 −
2𝑟Δ𝑦

Δ𝑥2 + Δ𝑦2
𝑠𝑖𝑛𝜃 +

𝑟2 − Δ𝑥2

Δ𝑥2 + Δ𝑦2
= 0 

(1.3) 

It can be viewed that (1.3) resembles the general quadratic equation in which 𝑠𝑖𝑛𝜃 as an 
unknown variable. Otherwise, I can apply “abc-formula” expressed below: 

𝑥1,2 =
−𝑏 ± √𝐷

2𝑎
 ;𝐷 = 𝑏2 − 4𝑎𝑐 

in this case, 𝑎 = 1; 𝑏 =
−2𝑟Δ𝑦

Δ𝑥2+Δ𝑦2
; 𝑐 =

𝑟2−Δ𝑥2

Δ𝑥2+Δ𝑦2
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then, 

𝑠𝑖𝑛𝜃1,2 =

−(
−2𝑟Δ𝑦

Δ𝑥2 + Δ𝑦2)±√(−
2𝑟Δ𝑦

Δ𝑥2 + Δ𝑦2)
2

− 4(1) (
𝑟2 − Δ𝑥2

Δ𝑥2 + Δ𝑦2)

2(1)
 

by a little bit simplification, it can be obtained that 

𝑠𝑖𝑛𝜃1,2 =
𝑟Δ𝑦 ± Δ𝑥√Δ𝑥2 + Δ𝑦2 − 𝑟2

Δ𝑥2 + Δ𝑦2
 

(1.4) 

 
From (1.4), It has two distinct solutions which are 𝜃1 and 𝜃2. Therefore, both of 𝜃1 and 𝜃2 are 
expressed below: 

𝜃1 = sin−1 (
𝑟Δ𝑦 + Δ𝑥√Δ𝑥2 + Δ𝑦2 − 𝑟2

Δ𝑥2 + Δ𝑦2
) 

𝜃2 = sin−1 (
𝑟Δ𝑦 − Δ𝑥√Δ𝑥2 + Δ𝑦2 − 𝑟2

Δ𝑥2 + Δ𝑦2
) 

(1.5) 

 
It’s known that both of 𝜃1 and 𝜃2 expressed in (1.5) are evaluated in radian unit (not in degree 
unit). 

Moreover, the coordinate of tangency point (𝑋𝑇 ,𝑌𝑇) associated with 𝜃1 and 𝜃2 is given below: 

𝑋𝑇,1 = 𝑋𝑂 + 𝑟𝑐𝑜𝑠𝜃1;  𝑌𝑇,1 = 𝑌𝑂 + 𝑟𝑠𝑖𝑛𝜃1 

 𝑋𝑇,2 = 𝑋𝑂 + 𝑟𝑐𝑜𝑠𝜃2;  𝑌𝑇,2 = 𝑌𝑂 + 𝑟𝑠𝑖𝑛𝜃2 

Hence, 

The coordinate of 1st tangency point (𝑋𝑇,1,𝑌𝑇,1): 

𝑋𝑇,1 = 𝑋𝑂 + 𝑟𝑐𝑜𝑠𝜃1 = 𝑋𝑂 + 𝑟𝑐𝑜𝑠 (sin−1 (
𝑟Δ𝑦 + Δ𝑥√Δ𝑥2 + Δ𝑦2 − 𝑟2

Δ𝑥2 + Δ𝑦2
)) 

𝑌𝑇,1 = 𝑌𝑂 + 𝑟𝑠𝑖𝑛𝜃1 = 𝑌𝑂 + 𝑟𝑠𝑖𝑛 (sin−1 (
𝑟Δ𝑦 + Δ𝑥√Δ𝑥2 + Δ𝑦2 − 𝑟2

Δ𝑥2 + Δ𝑦2
)) 

The coordinate of 2nd tangency point (𝑋𝑇,2,𝑌𝑇,2):  

𝑋𝑇,2 = 𝑋𝑂 + 𝑟𝑐𝑜𝑠𝜃2 = 𝑋𝑂 + 𝑟𝑐𝑜𝑠 (sin−1 (
𝑟Δ𝑦 − Δ𝑥√Δ𝑥2 + Δ𝑦2 − 𝑟2

Δ𝑥2 + Δ𝑦2
)) 

𝑌𝑇,2 = 𝑌𝑂 + 𝑟𝑠𝑖𝑛𝜃2 = 𝑌𝑂 + 𝑟𝑠𝑖𝑛 (sin−1 (
𝑟Δ𝑦 − Δ𝑥√Δ𝑥2 + Δ𝑦2 − 𝑟2

Δ𝑥2 + Δ𝑦2
)) 

 

 



2nd Approach: 

Let introduce a new variable 𝑞 in which 𝑞 defined as the following:  

𝑞 ≡ tan (
𝜃

2
) 

The value of 𝑠𝑖𝑛𝜃 and 𝑐𝑜𝑠𝜃 represented in term of 𝑞 given as the following: 

𝑠𝑖𝑛𝜃 = 2𝑠𝑖𝑛 (
𝜃

2
) 𝑐𝑜𝑠 (

𝜃

2
) = 2 (

𝑞

√1 + 𝑞2
)(

1

√1 + 𝑞2
) =

2𝑞

1 + 𝑞2
 

𝑐𝑜𝑠𝜃 = 2𝑐𝑜𝑠2 (
𝜃

2
) − 1 = 2 (

1

√1 + 𝑞2
)

2

− 1 =
1 − 𝑞2

1 + 𝑞2
 

Then, substitute these 𝑠𝑖𝑛𝜃 and 𝑐𝑜𝑠𝜃 into (1), it gives 

Δ𝑥 (
1 − 𝑞2

1 + 𝑞2
)+ Δ𝑦 (

2𝑞

1 + 𝑞2
) − 𝑟 = 0 ↔ Δ𝑥(1 − 𝑞2) + 2Δ𝑦𝑞 − 𝑟(1 + 𝑞2) = 0 

(2.1) 

 
Now, let’s rearrange and simplify (2.1) into the general quadratic equation, it follows that 

Δ𝑥(1 − 𝑞2) + 2Δ𝑦𝑞 − 𝑟(1 + 𝑞2) = 0 ↔ 𝑞2 −
2Δ𝑦

𝑟 + Δ𝑥
𝑞 +

𝑟 − Δ𝑥

𝑟 + Δ𝑥
= 0 (2.2) 

 
Let’s apply abc-formula and in this case 𝑎 = 1; 𝑏 = −

2Δ𝑦

𝑟+Δ𝑥
; 𝑐 =

𝑟−Δ𝑥

𝑟+Δ𝑥
 

𝑞(1,2) =

2Δ𝑦
𝑟 + Δ𝑥

± √(
2Δ𝑦
𝑟 + Δ𝑥

)
2

− 4(1) (
𝑟 − Δ𝑥
𝑟 + Δ𝑥

)

2
=
Δ𝑦 ±√Δ𝑥2 + Δ𝑦2 − 𝑟2

𝑟 + Δ𝑥
 

 

𝑞(1,2) = 𝑡𝑎𝑛 (
𝜃

2
)
1,2

=
Δ𝑦 ± √Δ𝑥2 + Δ𝑦2 − 𝑟2

𝑟 + Δ𝑥
 

(2.3) 

 
From (2.3), It has two distinct solutions which are 𝜃1 and 𝜃2. Therefore, both of 𝜃1 and 𝜃2 are 
expressed below: 

𝜃1 = 2 tan−1 (
Δ𝑦 + √Δ𝑥2 + Δ𝑦2 − 𝑟2

𝑟 + Δ𝑥
) 

𝜃2 = 2 tan−1 (
Δ𝑦 − √Δ𝑥2 + Δ𝑦2 − 𝑟2

𝑟 + Δ𝑥
) 

(2.4) 

 
It’s known that both of 𝜃1 and 𝜃2 expressed in (2.4) are evaluated in radian unit (not in degree 
unit). 

Moreover, the coordinate of tangency point (𝑋𝑇 ,𝑌𝑇) associated with 𝜃1 and 𝜃2 is given below: 

𝑋𝑇,1 = 𝑋𝑂 + 𝑟𝑐𝑜𝑠𝜃1;  𝑌𝑇,1 = 𝑌𝑂 + 𝑟𝑠𝑖𝑛𝜃1 

 𝑋𝑇,2 = 𝑋𝑂 + 𝑟𝑐𝑜𝑠𝜃2;  𝑌𝑇,2 = 𝑌𝑂 + 𝑟𝑠𝑖𝑛𝜃2 



Hence, 

The coordinate of 1st tangency point (𝑋𝑇,1,𝑌𝑇,1): 

𝑋𝑇,1 = 𝑋𝑂 + 𝑟𝑐𝑜𝑠𝜃1 = 𝑋𝑂 + 𝑟𝑐𝑜𝑠 (2 tan−1 (
Δ𝑦 + √Δ𝑥2 + Δ𝑦2 − 𝑟2

𝑟 + Δ𝑥
)) 

𝑌𝑇,1 = 𝑌𝑂 + 𝑟𝑠𝑖𝑛𝜃1 = 𝑌𝑂 + 𝑟𝑠𝑖𝑛 (2 tan−1 (
Δ𝑦 + √Δ𝑥2 + Δ𝑦2 − 𝑟2

𝑟 + Δ𝑥
)) 

The coordinate of 2nd tangency point (𝑋𝑇,2,𝑌𝑇,2):  

𝑋𝑇,2 = 𝑋𝑂 + 𝑟𝑐𝑜𝑠𝜃2 = 𝑋𝑂 + 𝑟𝑐𝑜𝑠 (2 tan−1 (
Δ𝑦 − √Δ𝑥2 + Δ𝑦2 − 𝑟2

𝑟 + Δ𝑥
)) 

𝑌𝑇,2 = 𝑌𝑂 + 𝑟𝑠𝑖𝑛𝜃2 = 𝑌𝑂 + 𝑟𝑠𝑖𝑛 (2 tan−1 (
Δ𝑦 − √Δ𝑥2 + Δ𝑦2 − 𝑟2

𝑟 + Δ𝑥
)) 
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